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Abstract
Exact canonically conjugate momenta Π2µ in quadrupole nuclear collective motions
are proposed. The basic idea lies in the introduction of a discrete integral equation
for the strict definition of canonically conjugate momenta to collective variables φ2µ.
A part of our collective Hamiltonian, the Π2µ-dependence of the kinetic part of the
Hamiltonian, is given exactly. Further, φ2µ-dependence of the kinetic part of the
Hamiltonian is also given.
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1
1 Introduction
A proper treatment of collective variables in nuclear physics [1, 2, 3, 4, 5] and of collective
field formalisms in QCD [6] and [7] have been attempted in different two ways. In Refs. [1]
and [2], Marumori et al. first gave a foundation of unified model of collective motion and
independent particle motion in nuclei and further investigated the collective motion from
the standpoint of particle excitations [5]. On the other hand, in Ref. [6], Jevicki and Sakita
reformulated quantum collective field theory in terms of gauge-invariant variables. It leads
to an effective Hamiltonian in which the behavior of quarks and SU(N) colored non-Abelian
gluons in the large-N limit are determined by classical solutions. The deep understanding of
such QCD properties arising from strongly non-linear gluon couplings requires investigations
of large-N limit of two-dimensional QCD. In Ref.[7] one of the present author (S.N.) proposed
an exact canonically conjugate momenta approach to a SU(N) quantum system and derived
a collective Hamiltonian in terms of the exact canonical variables up to the order of 1
N
.
Applying the Tomonaga’s basic idea in his collective motion theory [8, 9], to nuclei with
the aid of the Sunakawa’s integral equation method [10], one of the present authors (S.N.)
developed a collective description of surface oscillations of nuclei [11]. This description is
considered to give one of possible microscopic foundations of nuclear collective motion derived
from the famous Bohr-Mottelson model (BMM)[12](concerning BMM see textbooks [13, 14]).
Introducing appropriate collective variables, this collective description was formulated by
using the first quantized language, contrary to the second quantized manner in the Sunakawa
method. Preceding the previous work [11], extending the Tomonaga’s idea ([8] andNakamura-
Suzuki [15]) to three-dimensional case, Miyazima-Tamura [16, 17] and Goto [18] successfully
proposed a collective description of the surface oscillations of nuclei in relation to the BMM.
As they and Villars [19] already pointed out, there exist difficulties in their theory:(i) The
collective momenta defined by the Tomonaga’s method are not exactly canonical conjugate
to collective coordinates:(ii) The collective momenta do not commute, namely, they are
not independent each other:(iii) A correction term due to quadrupole-type phonon-phonon
interaction is incorrect and then an investigation of this problem becomes insufficient.
The problem of finding a set of exact canonical variables in collective description is a very
important task. Until very recently, it has not been considered yet in nuclear physics. An
exact canonically conjugate momenta approach was proposed by Gulshani and Rowe [20].
In contrast to their approach, in this paper, with the help of the Sunakawa’s method [10],
we propose another exact canonically conjugate momenta to collective coordinates whose
original work was already presented (see Ref. [11]). Contrary to the above mentioned
approaches, the other attempts were made from quite different viewpoints, i.e., canonical
transformation theory [21] and group theoretical theory [22]. It should be noticed that
Corrigan et al. presented the exact solution of the BMM in the body-fixed coordinates [23]
using a natural basis of Lie orthogonal group O(5) and its chain O(5)⊃O(4)∼=SU(2)×SU(2).
In Section 2, we introduce collective variables φ2µ in nuclei and briefly recapitulate their
associated relations. In Section 3, the exact canonically conjugate momenta Π2µ are defined
in the form of discrete integral equation. Section 4 is devoted to a proof on the commutativity
of the exact collective momenta Π2µ. In Section 5, the exact Π2µ-dependent kinetic part of
Hamiltonian is derived. The φ2µ-dependent kinetic part of Hamiltonian is also given. Finally
the constant term of this part is determined. In the last section, we give some concluding
remarks. In Appendices, calculations of some commutators and quantities are carried out.
2
2 Collective variables and the associated relations
Our original Hamiltonian H is given by
H = T + V = − ~
2
2m
∑A
n=1
∑
ν(−1)ν∇nν∇n−ν +
1
2
∑A
n,n′=1 V (rn, rn′), (2. 1)
where m is the nucleon mass. The rnν and ∇nµ mean components of the position operator
and those of the gradient operator, respectively, of the n-th nucleon in the spherical tensor
representation. The term V is the interaction potential between n-th and n′-th nucleons.
Following Miyazima and Tamura [17], we introduce the quadrupole collective variables
φ2µ and the associated dynamical variables η2µ defined in the following forms:
φ2µ ≡ 4pi
3AR20
∑A
n=1 r
2
nY2µ(θn, ϕn),
(
φ∗2µ = (−1)µφ2−µ
)
, (2. 2)
η2µ ≡ 3AR
2
0
4pi
· m
2
· i
~
[H, (−1)µφ2−µ]
(
η∗2µ = −(−1)µη2−µ
)
= −i~
√
2 · 5
2
∑
κν(−1)µ〈1κ1ν|2− µ〉
∑A
n=1 rnY1κ(θn, ϕn) ·∇nν .
(2. 3)
R0 stands for the nuclear equilibrium radius. At the first stage, we consider η2µ as the col-
lective momenta conjugate to φ2µ (velocity potential) in the sense of Tomonaga. However,
commutation relations among these variables become as follows:
[φ2µ, φ2µ′ ] = 0, (2. 4)
[η2µ, φ2µ′ ] = −i~R−20 R2δµµ′ + i~
√
35
8pi
∑
Λ(−1)µ〈2− µ2µ′|2Λ〉φ2Λ, (2. 5)
[η2µ, η2µ′ ] = ~
15
√
5
8
√
2pi
∑
Λ〈2µ2µ′|1Λ〉l1Λ, (2. 6)
where the quantities R2 and l1Λ are defined as
R2 ≡ 5
3A
∑A
n=1 r
2
n, (2. 7)
l1Λ ≡ −~
√
2
∑
κν(−1)Λ〈1κ1ν|1− Λ〉
√
4pi
3
∑A
n=1 rnY1κ(θn, ϕn) ·∇nν . (2. 8)
l1Λ is a component of the total angular momentum operator l of the system. Here we have
used the spherical tensor representation for rν , i.e., rν=
√
4pi
3
rY1ν(θ, ϕ).
As a next step, to make the first term on the R.H.S. of (2. 5) into −i~δµµ′ , we introduce
modified variables pi2µ defined by
pi2µ ≡ R
2
0
2
(R−2η2µ + η2µR
−2),
(
pi∗2µ = −(−1)µpi2−µ
)
, η2µ =
1
2R20
(R2pi2µ + pi2µR
2), (2. 9)
the last relation of which is easily verified by using the commutation relations (2. 12) given
below. The commutation relations (2. 5) and (2. 6) are rewritten in the following forms:
[pi2µ, φ2µ′ ] = −i~δµµ′ + i~
√
35
8pi
R20R
−2
∑
Λ(−1)µ〈2− µ2µ′|2Λ〉φ2Λ, (2. 10)
[pi2µ, pi2µ′ ] = ~
15
√
5
8
√
2pi
R40R
−4
∑
Λ〈2µ2µ′|1Λ〉l1Λ + i~
2 · 5
4pi
R40R
−4(φ∗2µpi2µ′ − φ∗2µ′pi2µ), (2. 11)
3
together with the additional relation [φ2µ, R
±2]=0 and
[pi2µ, R
+2]=−i~2 · 5
4pi
R40R
−2φ∗2µ, [pi2µ, R
−2]= i~
2 · 5
4pi
R40R
−6φ∗2µ, (2. 12)
which are written in a lump as [pi2µ, R
±2] =−i~2 · 5
4pi
R40R
−2
(
1
−R−4
)
φ∗2µ. The second equa-
tion of (2. 12) is derived through
[η2µ, R
±2] = −i~
√
2 · 5
2
∑
κν(−1)µ〈1κ1ν|2− µ〉
∑A
n=1 rnY1κ(θn, ϕn) · [∇nν , R±2]
= −i~2 · 5
4pi
R20
(
1
−R−4
)
φ∗2µ,
(2. 13)
where we have used the commutation relation
[∇nν , R
±2] =
2 · 5
3A
√
4pi
3
(
1
−R−4
)
rnY1ν(θn, ϕn). (2. 14)
Neither the second term on the R.H.S. of (2. 10) nor the R.H.S. of (2. 11) is zero. Then
from this fact, it is self-evident that φ2µ and pi2µ are not canonical conjugate to each other.
The exact canonically conjugate momenta were given by Gulshani in two different ways in
1976 [20]. Before going to an investigation on a prescription how to find the exact canonical
conjugate momenta to φ2µ, we consider about some historical aspects of studies of collective
description by the BMM [12]. In the traditional collective description of the quadrupole-type
surface oscillations of nuclei by the BMM, collective coordinates α2µ are introduced. These
coordinates and their canonical conjugate momenta pi2µ are regarded as bosonic quantized
operators and satisfy the standard commutation relations [pi2µ,α2µ′ ]=−i~δµµ′ , [pi2µ,pi2µ′ ]=0
and [α2µ,α2µ′ ]=0. In 2007 Baerdemacker et al. have calculated the matrix elements of the
quadrupole operators and canonical conjugate momenta operators of the collective model,
in an algebraic straightforward way within a SU(1,1)×O(5) basis [24]. For this purpose,
they have introduced the ten operators LM=−i
√
10/~[αpi∗]
(1)
M and OM=−i
√
10/~[αpi∗]
(3)
M .
Here, the short hand notation [αpi∗]
(J)
M stands for Clebsch-Gordan coefficient in which the
summation over the hidden indices µ of α and pi is made. These ten operators span the
Lie algebra of the O(5) group. The quadratic Casimir operator of O(5) and the Cartan-
Weyl reduction chain of O(5), O(5)⊃O(4)∼=SU(2)×SU(2), as well as the representation of
O(5), have been intensively used to compute various kinds of the above matrix elements.
On the other hand, preceding the Baerdemacker et al.’s work, Yamamura and one of the
present authors (S.N.) proposed a microscopic description of collective rotational motion in
deformed nucleus standing on the basic idea of the Bohr’s rotational model in 1972 [25]. In
this earlier and pioneering work, they introduced the ten operators B1M = [c
†
c]
(1)
M (angular
momentum operator) and B3M = [c
†
c]
(3)
M (magnetic octupole-moment operator) adding to
the six operators BJM = [c
†
c]
(J)
M (J = 0 and 2) (number operator and quadrupole-moment
operator) where c†jm and cjm are fermion (nucleon) operators. The two kinds of scalar
operators F =
∑
I=0,2
∑
M [B
†
JMBJM ]
(I) and G=
∑
I=1,3
∑
M [B
†
JMBJM ]
(I) and the so-called
kinematical constraints governing the operators BJM , composed of a usual tensor product
of c† and c, played central roles in that pioneering work aiming an algebraic derivation of
the Bohr’s rotational model. The above inquiries are the very short historical reviews of the
theoretical, particularly algebraic foundation of the BMM.
Now let us turn to our main problem how to find the exact canonical conjugate momenta
to φ2µ. In the next section, we pursue such an issue.
4
3 Exact canonically conjugate momenta
In order to overcome the difficulties mentioned in the preceding section, we define the
exact canonically conjugate momenta Π2µ by a discrete integral equation
Π2µ ≡ pi2µ +
√
35
8pi
R20
∑
µ1µ2
(−1)µ1〈2− µ12µ2|2µ〉φ2µ1
1
2
(R−2Π2µ2+Π2µ2R
−2) . (3. 1)
This type of the integral equation was first introduced intuitively but not logically by
Sunakawaetal. in their collective description of interacting boson systems. The new variable
Π2µ, as is clear from the structure of the definition (3. 1), is no longer a one-body operator
but is essentially a many-body operator. Following the Sunakawa’s manner, the proof of the
exact canonical commutation relation between φ2µ and Π2µ can be given as follows: Iterat-
ing the discrete integral equation (3. 1) and using (2. 4), (2. 10) and first of (2. 12), we have
[Π2µ, φ2µ′ ]
= [pi2µ, φ2µ′ ]+
√
35
8pi
R20
∑
µ1µ2
(−1)µ1〈2−µ12µ2|2µ〉φ2µ1
1
2
(R−2[Π2µ2 , φ2µ′ ]+[Π2µ2 , φ2µ′ ]R
−2)
= [pi2µ, φ2µ′ ]+
√
35
8pi
R20
∑
µ1µ2
(−1)µ1〈2−µ12µ2|2µ〉φ2µ1
1
2
(R−2[pi2µ2 , φ2µ′ ]+[pi2µ2 , φ2µ′ ]R
−2)
+
√
35
8pi
R20
∑
µ1µ2
(−1)µ1〈2− µ12µ2|2µ〉φ2µ1
×1
2
{
R−2
[√
35
8pi
R20
∑
µ3µ4
(−1)µ3〈2− µ32µ4|2µ2〉φ2µ3
1
2
(R−2Π2µ4+Π2µ4R
−2), φ2µ′
]
+
[√
35
8pi
R20
∑
µ3µ4
(−1)µ3〈2− µ32µ4|2µ2〉φ2µ3
1
2
(R−2Π2µ4+Π2µ4R
−2), φ2µ′
]
R−2
}
= [pi2µ, φ2µ′ ]+
√
35
8pi
R20
∑
µ1µ2
(−1)µ1〈2−µ12µ2|2µ〉φ2µ1
1
2
(R−2[pi2µ2 , φ2µ′ ]+[pi2µ2 , φ2µ′ ]R
−2)
+
(√
35
8pi
R20
)2∑
µ1µ2
∑
µ3µ4
(−1)µ1〈2− µ12µ2|2µ〉(−1)µ3〈2− µ32µ4|2µ2〉φ2µ1φ2µ3
×1
2
{
R−2
1
2
(R−2[Π2µ4 , φ2µ′ ]+[Π2µ4 , φ2µ′ ]R
−2)+
1
2
(R−2[Π2µ4 , φ2µ′ ]+[Π2µ4 , φ2µ′ ]R
−2)R−2
}
= −i~δµµ′ + i~
√
35
8pi
R20R
−2
∑
Λ(−1)µ〈2− µ2µ′|2Λ〉φ2Λ
−i~
√
35
8pi
R20R
−2
∑
Λ(−1)µ〈2− µ2µ′|2Λ〉φ2Λ + · · · , (3. 2)
All terms which involve the higher powers concerning φ2µ cancel each other except the first
term on the R.H.S. of (3. 2) and thus we get the exact canonical commutation relation
[Π2µ, φ2µ′ ] = −i~δµµ′ . (3. 3)
The relation Π∗2µ=−(−1)µΠ2−µ holds and the hermiticity condition for Π2µ
(
Π†2µ=(−1)µΠ2−µ
)
is satisfied with the aid of (3. 3) and the trivial relation
∑
µ′(−1)µ
′〈2µ′2−µ′|2µ〉=0.
5
4 Commtativity of exact canonically conjugate momenta
In order to assert that the operators Π2µ are exact canonically conjugate to φ2µ, we
must give a proof on commutativity of the exact canonically conjugate momenta Π2µ among
different µ. The commutation relations among Π2µ lead to the following form through a
tedious but straightforward calculation (for detailed calculation see Appendix A):
[Π2µ, Π2µ′ ]
= ~
15
√
5
8
√
2pi
R40
∑
Λ〈2µ2µ′|1Λ〉
(
R−2l1ΛR
−2−(−1)ΛL∗1−Λ
)
−
√
35
8pi
R20
∑
µ1µ2
(−1)µ1〈2− µ12µ2|2µ〉φ2µ1
1
2
(R−2[Π2µ, Π2µ2 ]+[Π2µ, Π2µ2 ]R
−2)
+(µ↔ µ′)
−1
2
(√
35
8pi
R20
)2∑
µ1µ2
∑
µ′
1
µ′
2
(−1)µ1〈2− µ12µ2|2µ〉(−1)µ′1〈2− µ′12µ′2|2µ′〉
×φ2µ1φ2µ′1
1
2
{
R−2
1
2
(
R−2[Π2µ2 , Π2µ′2 ]+[Π2µ2 , Π2µ′2 ]R
−2
)
+
1
2
(
R−2[Π2µ2 , Π2µ′2 ]+[Π2µ2, Π2µ′2 ]R
−2
)
R−2
}
+(µ↔ µ′).
(4. 1)
(µ↔µ′) denotes a term obtained by the exchange of µ and µ′. In the above, we notice that
the determinant of coefficients of all the terms which involve commutators [Π2µ,Π2µ′ ] does
not generally vanish under the convection to conceive R2 as a constant c-number. As for the
constant, we will discuss in the end of the next section. Thus we have the conclusion
[Π2µ, Π2µ′ ] = 0, (4. 2)
if an inhomogeneous termR−2l1ΛR
−2−(−1)ΛL∗1−Λ becomes zero. Thus, we could give a proof
on the commutativity of collective momenta Π2µ. From this proof, it turns out that Π2µ are
exactly canonical conjugate to φ2µ. Due to this fact, the(−1)ΛR2L∗1−ΛR2 can be understood as
the collective angular momentum Lcoll1Λ . Therefore, the set {φ2µ,Π2µ} is regarded as a set of
exact canonical variables, if we restrict the Hilbert space to the collective sub-space |Ψcoll〉
which satisfies the following subsidiary condition:(
l1Λ − Lcoll1Λ
)
|Ψcoll〉 = 0. (4. 3)
This condition is very reasonable and also implies that our choice of collective variables is
suitable for our aim. Finally, owing to the relations (3. 1) and (4. 2), the commutation
relation [pi2µ, Π2µ′ ] is rewritten as
[pi2µ, Π2µ′ ] = −i~
√
35
8pi
R20
∑
Λ〈2µ2µ′|2Λ〉
1
2
(R−2Π2Λ+Π2ΛR
−2)
+
√
35
8pi
R20
∑
µ1µ2
(−1)µ1〈2− µ12µ2|2µ〉φ2µ1
1
2
([Π2µ′ , R
−2]Π2µ2+Π2µ2 [Π2µ′ , R
−2]) ,
(4. 4)
which is approximated as
≈ −i~
√
35
8pi
R20R
−2〈2µ2µ′|2µ+µ′〉Π2µ+µ′ . (4. 5)
6
5Π2µ- and φ2µ- dependence of kinetic part of Hamiltonian
A remaining task is to express a kinetic part T of Hamiltonian in terms of φ2µ and
Π2µ. Following Sunakawa’s method, we first investigate Π2µ-dependence of T . For this pur-
pose, we expand it in a power series of the exact canonical conjugate momenta Π2µ as follows:
T = T (0)(φ;R2) +
∑
µ
1
2
{
T
(1)
2µ (φ;R
2)Π2µ +Π2µT
(1)
2µ (φ;R
2)
}
+
∑
µµ′〈2µ2µ′|00〉
1
2
{
T
(2)
00 (φ : R
2)Π2µΠ2µ′ +Π2µΠ2µ′T
(2)
00 (φ : R
2)
}
+
∑
L(6=0)Λ
∑
µµ′〈2µ2µ′|LΛ〉
1
2
{
T
(2)
LΛ(φ : R
2)Π̂2µΠ̂2µ′+Π̂2µΠ̂2µ′T
(2)
LΛ(φ : R
2)
}
+· · · ,
(5. 1)
where Π̂2µ is defined as Π̂2µ≡ 1
2
(R−2Π2µ+Π2µR
−2). The T
(n)
LΛ (φ;R
2) are unknown expansion
coefficients and satisfy the relations
T
(1)
Lµ (φ;R
2) = −(−1)µT (1)∗L−µ(φ;R2), T (2)LΛ(φ;R2) = (−1)L+ΛT (2)∗L−Λ(φ;R2). (5. 2)
In order to get the explicit expression for T (n) (n 6= 0), using the commutation relation
[Π̂2µ, φ2µ′ ]=−i~R−2δµµ′ , we take the commutators with φ2µ in the following way:
[T, φ2µ]=−i~T (1)2µ (φ;R2)−i~
∑
µ′〈2µ2µ′|00〉
{
T
(2)
00 (φ;R
2)Π2µ′+Π2µ′T
(2)
00 (φ;R
2)
}
−i~∑L(6=0)Λ∑µ′〈2µ2µ′|LΛ〉12 {T (2)LΛ(φ;R2)R−2Π̂2µ′+R−2Π̂2µ′T (2)LΛ(φ;R2)}
−i~∑L(6=0)Λ(−1)L∑µ′〈2µ2µ′|LΛ〉12 {T (2)LΛ(φ;R2)Π̂2µ′R−2+Π̂2µ′R−2T (2)LΛ(φ;R2)}+ · · · ,
(5. 3)
[[T, φ2µ], φ2µ′ ] = (−i~)22〈2µ2µ′|00〉T (2)00 (φ;R2)
+(−i~)2∑L(6=0)Λ (1 + (−1)L) 〈2µ2µ′|LΛ〉T (2)LΛ(φ;R2)R−4 + · · · . (5. 4)
We can easily calculate the L.H.S’s of (5. 3) and (5. 4) by making explicit use of the defini-
tions (2. 3), (2. 9) and (3. 1) and by taking commutators with φ2µ successively:
[T, φ2µ] =
4pi
3AR20
~
i
2
m
(−1)µη2−µ = −i~ 4pi
3AR20
2
m
1
2R20
×
{
R2 ·
[
(−1)µΠ2−µ−
√
35
8pi
R20
∑
µ′,Λ〈2µ2µ′|2Λ〉φ2ΛΠ̂2µ′
]
+
[
(−1)µΠ2−µ−
√
35
8pi
R20
∑
µ′,Λ〈2µ2µ′|2Λ〉φ2ΛΠ̂2µ′
]
·R2
}
,
(5. 5)
[[T, φ2µ], φ2µ′ ] = (−i~)2 4pi
3AR40
2
m
{
√
5R2〈2µ2µ′|00〉−
√
35
8pi
R20
∑
Λ〈2µ2µ′|2Λ〉φ2Λ
}
, (5. 6)
[[[T, φ2µ], φ2µ′ ], φ2µ′′ ] = 0. (5. 7)
The commutation relations [φ2µ, R
−2] and [pi2µ, R
−2] are already given in (2. 12). On the
other hand the commutation relation [Π2µ, R
−2] is computed as
7
[Π2µ, R
−2] = [pi2µ, R
−2]
+
√
35
8pi
R20
∑
µ1µ2
(−1)µ1〈2− µ12µ2|2µ〉φ2µ1
1
2
(R−2[Π2µ2 , R
−2]+[Π2µ2 , R
−2]R−2)
= i~
2 · 5
4pi
R40R
−6φ∗2µ
+
√
35
8pi
R20
∑
µ1µ2
(−1)µ1〈2− µ12µ2|2µ〉φ2µ1
1
2
(R−2[pi2µ2 , R
−2]+[pi2µ2 , R
−2]R−2) + · · · ,
= i~
2 · 5
4pi
R40R
−6
{
φ∗2µ+
√
35
8pi
R20R
−2
∑
µ1µ2
〈2µ12µ2|2µ〉φ∗2µ1φ∗2µ2
+
(√
35
8pi
R20R
−2
)−2∑
LΛ
√
5(2L+1)W (2222; 2L)
∑
µ1µ3µ5
〈2µ12µ3|LΛ〉〈LΛ2µ4|2µ〉φ∗2µ1φ∗2µ3φ∗2µ4+· · ·
.
,
(5. 8)
which is approximated as
[Π2µ, R
−2] ≈ i~2 · 5
4pi
R40R
−6φ∗2µ. (5. 9)
Due to (2. 12) and (5. 8) or (5. 9), we have the commutation relations
[[Π2µ, R
−2], R±2] = 0, [[Π2µ, R
−2], T
(n)
LΛ (φ;R
2)] = 0. (5. 10)
Using (5. 10) and comparing (5. 5)∼ (5. 7) with (5. 3) and (5. 4), T (n) are determined as
T
(1)
2µ (φ;R
2)=0, T
(2)
00 (φ;R
2)=
4pi
3AR40
1
m
√
5R2, T
(2)
2Λ (φ;R
2)=− 4pi
3AR20
1
m
√
35
8pi
R4φ2Λ,
T
(2)
LΛ (φ;R
2)=0 for L = 1, 3, 4, T
(n)
LΛ (φ;R
2)=0 for n ≥ 3.
(5. 11)
Substituting (5. 11) into (5. 1), we can get the exact Π2µ-dependence of the kinetic part T
of Hamiltonian as follows:
T = T (0)(φ;R2)+
4pi
3AR40
1
m
∑
µ
1
2
{R2Π2µ(−1)µΠ2−µ+Π2µ(−1)µΠ2−µR2}
− 4pi
3AR20
1
m
√
35
8pi
∑
µµ′〈2µ2µ′|2Λ〉
∑
Λ
1
2
{
R4φ2ΛΠ̂2µΠ̂2µ′+Π̂2µΠ̂2µ′R
4φ2Λ
}
.
(5. 12)
In (5. 12), the second term is a kinetic energy part of a quadrupole-type nuclear collective
motion. Indeed it has the kinetic form of five-dimensional harmonic oscillators. It is remark-
able that the mass parameter is in full accordance with the irrotational flow assumption of
the BMM which is but inconsistent with the microscopic dynamics of the nucleons.To correct
for the irrotational assumption, Gneuss and Greiner proposed a deformation-dependent mass
parameter using the Bohr-Mottelson-Frankfurt collective model [26] (see Chap.8 of textbook
[13] and Chap.4 of textbook [14]). This deformation mass parameter is in exact correspon-
dence with the third term in (5. 12) which also coincides with the mass parameter given by
Miyazima and Tamura [17] if we neglect an effect induced by the non-commutativity (5. 9).
Thus we derive a part of collective Hamiltonian, the Π2µ-dependence of the Hamiltonian. In
the recent topical review on the Bohr Hamiltonian [27], with the use of a mean-field theory,
Pro´chniak and Rohozin´ski have obtained the generalized form of the Bohr Hamiltonian which
contains a mass tensor in the kinetic energy. On the contrary, we could get naturally such a
term only using the exact canonically conjugate momenta defined by (3. 1) without making
any mean-field approximation. A potential energy part of the collective harmonic oscillation
and another part of the anharmonic effects (quadrupole-type phonon-phonon interaction) is
derived from the two-body potential V and also from the term T (0)(φ;R2).
Finally, we should stress the fact that up to this stage, all the expressions are exact.
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Our next task is to determine the term T (0)(φ;R2). For this purpose, we expand it in a
power series of the collective coordinates φ2µ in the form
T (0)(φ;R2)=C0(R
2)+
∑
µC1µ(R
2)φ∗2µ+
∑
µµ′C2µµ′(R
2)φ∗2µφ
∗
2µ′+· · · , (5. 13)
where C2µµ′(R
2)=C2µ′µ(R
2). In the above, the expansion coefficients Cn(R
2) are determined
in a manner quite parallel to the manner used before.
First, from the definition (3. 1), we have the following discrete integral equation:
[Π2µ, T
(0)(φ;R2)] = f2µ
+
√
35
8pi
R20
∑
µ1µ2
(−1)µ1〈2− µ12µ2|2µ〉φ2µ1
[
1
2
(R−2Π2µ2 +Π2µ2R
−2) , T (0)(φ;R2)
]
,
(5. 14)
and the inhomogeneous term f2µ becomes
f2µ ≡ [pi2µ, T (0)(φ;R2)]
= [pi2µ, T ]− 4pi
3AR40
1
m
∑
µ1
[
pi2µ,
1
2
{R2Π2µ1(−1)µ1Π2−µ1 +Π2µ1(−1)µ1Π2−µ1R2}
]
+
4pi
3AR20
1
m
√
35
8pi
∑
µ1µ2
∑
Λ〈2µ12µ2|2Λ〉
[
pi2µ,
1
2
{
R4φ2ΛΠ̂2µ1Π̂2µ2 + Π̂2µ1Π̂2µ2R
4φ2Λ
}]
= [pi2µ, T ]− 4pi
3AR40
√
5
m
∑
µ1µ2
〈2µ12µ2|00〉· 1
2
{[pi2µ, R2]Π2µ1Π2µ2+Π2µ1Π2µ2 [pi2µ, R2]
+R2[pi2µ, Π2µ1 ]Π2µ2+R
2Π2µ1 [pi2µ, Π2µ2 ]+[pi2µ, Π2µ1 ]Π2µ2R
2+Π2µ1 [pi2µ, Π2µ2 ]R
2}
+
4pi
3AR20
1
m
√
35
8pi
∑
µ1µ2
∑
Λ〈2µ12µ2|2Λ〉 ·
1
2
×
{
[pi2µ, R
4]φ2ΛΠ̂2µ1Π̂2µ2+Π̂2µ1Π̂2µ2 [pi2µ, R
4]φ2Λ+R
4[pi2µ, φ2Λ]Π̂2µ1Π̂2µ2+Π̂2µ1Π̂2µ2R
4[pi2µ, φ2Λ]
+R4φ2Λ[pi2µ, Π̂2µ1]Π̂2µ2+R
4φ2ΛΠ̂2µ1[pi2µ, Π̂2µ2]+[pi2µ, Π̂2µ1]Π̂2µ2R
4φ2Λ+Π̂2µ1[pi2µ, Π̂2µ2]R
4φ2Λ
}
,
(5. 15)
in which the commutators [pi2µ, R
4] and [pi2µ, Π̂2µ′ ] are given as
[φ2µ, R
±4] = 0, [pi2µ, R
±4] = −i~4 · 5
4pi
R40R
−2
(
R2
−R−6
)
φ∗2µ, (5. 16)
[pi2µ, Π̂2µ′ ]= i~
5
4pi
R40
(
R−6φ∗2µΠ2µ′+Π2µ′R
−6φ∗2µ
)
+
1
2
(R−2[pi2µ, Π2µ′ ]+[pi2µ, Π2µ′ ]R
−2)
=−(i~)2 5
4pi
R40R
−6(−1)µδµ′,−µ+i~2 · 5
4pi
R40R
−6φ∗2µΠ2µ′+i~
3 · 5
4pi
R40R
−4φ∗2µ[Π2µ′ , R
−2]
+R−2[pi2µ, Π2µ′ ] +
1
2
[[pi2µ, Π2µ′ ], R
−2]
=−(i~)2 5
4pi
R40R
−6(−1)µδµ′,−µ+i~2 · 5
4pi
R40R
−6φ∗2µΠ2µ′ + (i~)
2 3
2
(2 · 5)2
(4pi)2
R80R
−10φ∗2µφ
∗
2µ′
− i~
√
35
8pi
R20R
−4〈2µ2µ′|2µ+µ′〉Π2µ+µ′ − (i~)21
2
2 · 5
4pi
√
35
8pi
R60R
−8〈2µ2µ′|2µ+µ′〉φ∗2µ+µ′ ,
(5. 17)
in the last two lines of (5. 17) we have used the previous approximate relations (4. 5) and
(5. 9). Using (5. 12), after troublesome calculation, the commutation relation between the
functional operators f2µ and φ2µ′ reads
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[f2µ, φ2µ′ ] = [[pi2µ, T ], φ2µ′ ]
−i~ 4pi
3AR40
1
m
{
i~
2·5
4pi
R40
[
R−2φ∗2µ, (−1)µ′Π2−µ′
]
+
− [[pi2µ, (−1)µ′Π2−µ′ ], R2]+
}
− 4pi
3AR40
1
m
∑
µ1
[
1
2
{(−1)µ1Π2−µ1 [[pi2µ, Π2µ1 ], φ2µ′ ]+[[pi2µ, Π2µ1 ], φ2µ′ ](−1)µ1Π2−µ1}, R2
]
+
+(i~)2
4pi
3AR20
1
m
√
35
8pi
∑
µ1
〈2µ′2µ1|2µ〉
[
1
2
(
R−2Π̂2µ1 + Π̂2µ1R
−2
)
, R4
]
+
+(i~)2
4·5
3A
1
m
√
35
8pi
R20
∑
µ1
∑
Λ〈2µ′2µ1|2Λ〉
[
1
2
(
R−2Π̂2µ1 + Π̂2µ1R
−2
)
, φ∗2µφ2Λ
]
+
−(i~)2 35
6A
1
m
∑
µ1
∑
ΛΛ′〈2µ′2µ1|2Λ〉(−1)µ〈2− µ2Λ|2Λ′〉
[
1
2
(
R−2Π̂2µ1+Π̂2µ1R
−2
)
, R2φ2Λ′
]
+
−i~ 4pi
3AR20
1
m
√
35
8pi
∑
µ1
∑
Λ〈2µ′2µ1|2Λ〉
[
1
2
(
R−2[pi2µ, Π̂2µ1]+[pi2µ, Π̂2µ1]R
−2
)
, R4φ2Λ
]
+
+
4pi
3AR20
1
m
√
35
8pi
∑
µ1µ2
∑
Λ〈2µ12µ2|2Λ〉
×
[
1
2
(
Π̂2µ1 [[pi2µ, Π̂2µ2], φ2µ′ ] + [[pi2µ, Π̂2µ1], φ2µ′ ]Π̂2µ2
)
, R4φ2Λ
]
+
, (5. 18)
in which the commutators [[pi2µ, Π2µ1 ], φ2µ′ ] and [[pi2µ, Π̂2µ1], φ2µ′ ] are given, respectively as
[[pi2µ,Π2µ1 ], φ2µ′ ]=(i~)
2
√
35
8pi
R20R
−2
{
〈2µ2µ1|2µ′〉−2·5
4pi
R40R
−4
∑
µ′
1
〈2µ′12µ′|2µ〉φ∗2µ′
1
φ∗2µ1
}
, (5. 19)
[[pi2µ, Π̂2µ1], φ2µ′ ]=−(i~)2
2·5
4pi
R40R
−6φ∗2µ ·δµ1µ′+(i~)2
√
35
8pi
R20R
−4〈2µ2µ1|2µ′〉
−(i~)2 2·5
4pi
√
35
8pi
R60R
−8
∑
µ′
1
〈2µ′12µ′|2µ〉φ∗2µ′
1
φ∗2µ1,
(5. 20)
and the commutator [[pi2µ, T ], φ2µ′ ] is given exactly by (B.15) in Appendix B. In (5. 18)
the symbol [A, B]+ denotes the anticommutator between the operators A and B.
Substituting (5. 19) and (5. 20) into (5. 18), we calculate the commutator [f2µ, φ2µ′ ] as
[f2µ, φ2µ′ ] =
[[
pi2µ, T
(0)(φ;R2)
]
, φ2µ′
]
= [[pi2µ, T ] , φ2µ′ ]
−~
2R20
2m
[
i~
20
3AR20
R−2δµµ′− 40
3AR20
R−2φ∗2µ(−1)µ′Π2−µ′−i~
50
3piA
R20R
−6φ∗2µ(−1)µ′φ∗2−µ′
− 4·4pi
3AR40
√
35
8pi
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉Π2Λ−i~ 20
3A
√
35
8pi
R−4
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉φ∗2Λ
− i
~
2·4pi
3AR40
√
35
8pi
R2
∑
µ1µ2
〈2µ12µ2|2µ〉φ∗2µ1
×(2[(−1)µ′Π2−µ′ , R−2]Π2µ2−R2[Π2µ2 , R−2][(−1)µ′Π2−µ′ , R−2]+[Π2µ2 , [(−1)µ′Π2−µ′ , R−2]])
− i
~
2·4pi
3AR40
√
35
8pi
R2
∑
µ1
(−1)µ′〈2µ2−µ′|2µ1〉φ∗2µ1
×∑µ2(2 [Π2µ2 , R−2](−1)µ2Π2−µ2−R2[Π2µ2 , R−2][(−1)µ2Π2−µ2 , R−2]+[Π2µ2 , [(−1)µ2Π2−µ2 , R−2]])
−i~ 40
3A
√
35
8pi
R−4
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉φ∗2Λ+i~
35
3AR20
R−2δµµ′
+
70
3AR20
R2
∑
LΛ
{
1−(−1)L}5W (2222; 2L)(−1)µ′〈2µ2−µ′|LΛ〉ĴLΛ
10
− 35
3AR20
∑
LΛ
{
1−(−1)L}5W (2222; 2L)(−1)µ′〈2µ2−µ′|LΛ〉∑Λ′Λ′′〈2Λ′2Λ′′|LΛ〉φ∗2Λ′[Π2Λ′′ , R−2]
+i~
20
3A
√
35
8pi
R−4
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉φ∗2Λ−
350
3piA
R20R
−2
∑
Λ′Λ′′(−1)µ
′〈2Λ′2Λ′′|2−µ′〉φ∗2Λ′φ∗2Λ′′Ĵ2µ
+i~
175
3piA
R20R
−6
∑
LΛ
{
1+(−1)L}5W (2222; 2L)(−1)µ′〈2µ2−µ′|LΛ〉∑Λ′Λ′′〈2Λ′2Λ′′|LΛ〉φ∗2Λ′φ∗2Λ′′
− i
~
175
3AR20
R2
∑
µ1µ2
〈2µ12µ2|2µ〉φ∗2µ1[Π2µ2 , R−2]
∑
µ′
1
µ′
2
(−1)µ′〈2µ′12µ′2|2−µ′〉φ∗2µ′
1
[
Π2µ′
2
, R−2
]
+
70
3AR20
R2
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉Ĵ2Λ+i~ 10
3A
√
35
8pi
R−4
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉φ∗2Λ
− 175
3piA
R20R
−6
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉φ∗2Λ
∑
µ1µ2Λ′
(−1)Λ′〈2µ12µ2|2−Λ′〉φ∗2Λ′φ∗2µ1Π2µ2
]
. (5. 21)
In the above equation, using Π̂2µ=
1
2
(R−2Π2µ+Π2µR
−2), we have introduced the new quantity
ĴLΛ together with the associated relation∑
µµ′ 〈2µ2µ′|LΛ〉φ∗2µΠ̂2µ′ =
1
2
(
R2ĴLΛ+ĴLΛR
2
)
,
1
2
(
R2ĴLΛ+ĴLΛR
2
)
=R2ĴLΛ−1
2
∑
µ,µ′〈2µ2µ′|LΛ〉φ∗2µ[Π2µ′ , R−2] ,
 (5. 22)
and used the commutation relations[
ĴLΛ, φ
∗
2µ
]
=−i~R−4∑µ′(−1)µ 〈2µ′2− µ|LΛ〉φ∗2µ′[
ĴLΛ, R
2
]
=−∑µ,µ′〈2µ2µ′|LΛ〉φ∗2µ[Π2µ′ , R−2] .
 (5. 23)
Substituting the approximate relation (5. 9) into remaining terms same as [Π2µ, R
−2] and
using the relations (C.3) and (D.1) in Appendices C and D, a calculation of (5. 21) is carried
out. Further, with the aid of (D.2), (D.3) and (D.4), (5. 21) is cast into (E.1) in Appendix
E. As mentioned in the end of this Appendix, we obtain the approximate expression for
[f2µ, φ2µ′ ] in the following form:
[f2µ, φ2µ′ ] ≈ −~
2R20
2m
[
i~
(
35
3A
+
56
3A
)
R−20 R
−2δµµ′ − i~ 50
3piA
R20R
−6φ∗2µφ2µ′
+i~10
(
1− 7
3A
)√
35
8pi
R−4
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉φ∗2Λ
−i~440
7
1
3A
√
35
8pi
R−4
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉φ∗2Λ − i~
1250
7
1
3piA
R20R
−6φ∗2µφ2µ′
+i
15
3AR20
√
10R2
∑
Λ(−1)µ
′〈2µ2−µ′|1Λ〉{R−2l1ΛR−2 − (−1)ΛL∗1−Λ}
−i~10
(
5+
7
√
21
3
)
1
3A
√
35
8pi
R−4
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉φ∗2Λ
×
√
4pi
3
∑
ν
∑A
n=1rnY1ν(θn,ϕn)·(−1)ν∇n−ν
]
. (5. 24)
Here we have discarded the term (−1)µ′φ∗2µ′Ĵ2µ and used the approximate relations given as∑
µφ
∗
2µφ2µ≈
4pi
5
R−40 R
4,
∑
µµ′〈2µ2µ′|2Λ〉φ2µφ2µ′ ≈−
√
8pi
35
R−20 R
2φ2Λ, (5. 25)
the second relation of which has no effects on the exactness of the operator T (0)(φ;R2) since
it has a non-scalar form.
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Thus we obtain the following final result:
[f2µ, φ2µ′ ] = [[pi2µ, T
(0)(φ;R2)], φ2µ′] = −~
2R20
2m
[
i~
91
3A
R−20 R
−2δµµ′
+i~10
(
1−93
7
1
3A
)√
35
8pi
R−4
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉φ∗2Λ−i~
1600
7
1
3piA
R20R
−6φ∗2µφ2µ′
−i~10
(
5+
7
√
21
3
)
1
3A
√
35
8pi
R−4
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉φ∗2Λ
×
√
4pi
3
∑
ν
∑A
n=1rnY1ν(θn, ϕn)·(−1)ν∇n−ν
+i
15
3AR20
√
10R2
∑
Λ(−1)µ
′〈2µ2−µ′|1Λ〉{R−2l1ΛR−2−(−1)ΛL∗1−Λ}] ,
(5. 26)
in which a bilinear term φ∗2µφ2µ′ is neglected compared to linear terms φ
∗
2Λ. The last term
in (5. 26) becomes zero on the collective sub-space |Ψcoll〉 due to the first subsidiary con-
dition (4. 3). To get the commutativity [f2µ, φ2µ′ ]=0, further we strongly demand that the
equation (5. 26) must vanish on the collective sub-space |Ψcoll〉. It leads us to the following
second subsidiary condition:{
i~
91
3A
R−20 R
−2δµµ′+i~10
(
1−93
7
1
3A
)√
35
8pi
R−4
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉φ∗2Λ
−i~10
(
5+
7
√
21
3
)
1
3A
√
35
8pi
R−4
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉φ∗2Λ
×
√
4pi
3
∑
ν
∑A
n=1rnY1ν(θn, ϕn)·(−1)ν∇n−ν
}
|Ψcoll〉 = 0.
(5. 27)
These conditions mean that f2µdepends only on φµandR
2 on the collective sub-space |Ψcoll〉.
Both the first and the second subsidiary conditions are implementable to investigate what
is a structure of the collective sub-space satisfying such conditions. This is a very important
and interesting problem which can be solved in the case of simpler two-dimensional nuclei.
For µ 6= µ′, the second subsidiary condition (5. 27) is simply rewritten as{
i~10
(
1−93
7
1
3A
)
−i~
(
5+
7
√
21
3
)
1
3A
√
4pi
3
∑
ν
∑A
n=1rnY1ν(θn, ϕn)·(−1)ν∇n−ν
}
|Ψcoll〉=0,(5. 28)
from which the scalar operator
√
4pi
3
∑
ν
∑A
n=1rnY1ν(θn, ϕn)·(−1)ν∇n−ν takes a simple form on
the collective sub-space |Ψcoll〉 as√
4pi
3
∑
ν
∑A
n=1rnY1ν(θn, ϕn)·(−1)ν∇n−ν = 30A ·
1−93
7
1
3A
5+
7
√
21
3
. (5. 29)
For µ = µ′, using (5. 29) it is shown that the second subsidiary condition (5. 27) is satisfied
since A is sufficiently large. Substituting (5. 29) into (B.8), we can get the approximate
commutation relation for [pi2µ, T ] as
[pi2µ, T ]≈−~
2R20
2m
·i~ 25
2pi
(
1−2 · 1
3A
+
60
7
· 1
3A
· 21A−93
15+7
√
21
)
R20R
−6φ∗2µ, (5. 30)
Using the definition of f2µ (5. 15), now we compute the φ2µ-dependence of f2µ up to the
third order φ3. For this aim, we take an operator ordering in which all Π operators are put
into the right and all φ and R2 operators to the left of each other, i.e., the normal product
form. Thus we can find the final approximate expression for the operator-valued function
f2µ(φ;R
2) up to the third order φ3 in the following form:
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f2µ(φ;R
2)≈−~
2R20
2m
·i~ 25
2pi
(
1−2· 1
3A
+
60
7
· 1
3A
· 21A−93
15+7
√
21
)
R20R
−6φ∗2µ
− 2pi
3AR40
1
m
(i~)3
{
7
(
2·5
4pi
)2
R80R
−6φ∗2µ−3
(
2·5
4pi
)3
R120 R
−10
∑
µ′ φ
∗
2µ′φ2µ′φ
∗
2µ
}
+
2pi
3AR20
1
m
√
35
8pi
·(i~)3
{
−1
4
∑
µ′µ′′〈2µ′2µ′′|2µ〉
(
2·5
4pi
)2
R80R
−8φ∗2µ′φ
∗
2µ′′
+2
(
2·5
4pi
)2
R100 R
−10
√
35
8pi
∑
LK
√
5(2L+1)W (2222; 2L)
×∑µ′µ′′ ∑Λ(−1)K〈2µ′L−K|2Λ〉〈2µ′′LK|2µ〉φ∗2µ′φ∗2µ′′φ2Λ
+2
(
2·5
4pi
)2
R100 R
−10
√
35
8pi
∑
LK
√
5(2L+1)W (2222; 2L)
×∑µ′µ′′ ∑Λ(−1)K〈2µ+µ′2µ′′|LK〉〈2ΛL−K|2− µ〉φ2µ+µ′φ2µ′′φ∗2Λ
−2
(
2·5
4pi
)2
R60R
−6
√
35
8pi
∑
LK
√
5(2L+1)W (2222; 2L)
×∑µ′µ′′ ∑Λ(−1)K〈2µ+µ′′2µ′|LK〉〈2ΛL−K|2− µ〉φ2µ′φ2µ+µ′′φ∗2Λ
+
15
4
(
2·5
4pi
)2
R100 R
−10
√
35
8pi
∑
LK
√
5(2L+1)W (2222; 2L)
×∑µ′µ′′ ∑Λ(−1)L(−1)K〈2µ′2µ+µ′′|LK〉〈2ΛL−K|2− µ〉φ2µ′φ2µ+µ′′φ∗2Λ
.}
.
(5. 31)
Substituting (5. 31) into (5. 14), we get the R.H.S. of the discrete integral equation (5. 14) as
[Π2µ, T
(0)(φ;R2)] = −~
2R20
2m
·i~ 25
2pi
(
1−4· 1
3A
+
60
7
· 1
3A
· 21A−93
15+7
√
21
)
R20R
−6
×
(
φ∗2µ+
√
35
8pi
R20R
−2
∑
µ′µ′′〈2µ′2µ′′|2µ〉φ∗2µ′φ∗2µ′′
)
−~
2R20
2m
·i~ 25
2pi
1
2
1
3A
√
35
8pi
R20R
−8
∑
µ′µ′′〈2µ′2µ′′|2µ〉φ∗2µ′φ∗2µ′′
−~
2R20
2m
·i~ 25
2pi
4
3A
√
35
8pi
R60R
−10
∑
LK
√
5(2L+1)W (2222; 2L)
×∑µ′µ′′∑Λ(−1)K〈2µ′L−K|2Λ〉〈2µ′′LK|2µ〉φ∗2µ′φ∗2µ′′φ2Λ
= −~
2R20
2m
·i~ 25
2pi
(
1−4· 1
3A
+
60
7
· 1
3A
· 21A−93
15+7
√
21
)
R20R
−6
×
(
φ∗2µ+
√
35
8pi
R20R
−2
∑
µ′µ′′〈2µ′2µ′′|2µ〉φ∗2µ′φ∗2µ′′
)
−~
2R20
2m
·i~ 25
2pi
1
2
1
3A
√
35
8pi
R20R
−8
∑
µ′µ′′〈2µ′2µ′′|2µ〉φ∗2µ′φ∗2µ′′
−~
2R20
2m
·i~ 25
2pi
2
4
3A
√
35
8pi
R60R
−10
×∑L√5(2L+1)W (2222; 2L)∑L′K ′√5(2L′+1)W (2222;LL′)
×∑µ′µ′′∑Λ〈2−Λ2µ′′|L′K ′〉〈2−µ′L′K ′|2µ〉φ2µ′φ∗2µ′′φ2Λ,
(5. 32)
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where we have used the first approximate relation of (5. 25) and the last two long terms of
(5. 31). Using (5. 32) and the commutation relations (3. 3) and (4. 2) and for the sake of
simplicity discarding the contribution from the effect by the term [Π2µ, R
−2], we obtain
[Π2µ′ , [Π2µ, T
(0)(φ;R2)]]=
~
2R20
2m
·(i~)2 25
2pi
(
1−4· 1
3A
+
60
7
· 1
3A
· 21A−93
15+7
√
21
)
R20R
−6
×
(
(−1)µ′δµ′,−µ+
√
35
8pi
R20R
−2
∑
µ′′
{
(−1)µ′〈2−µ′2µ′′|2µ〉+〈2µ′2µ′′|2µ〉}φ∗2µ′′
)
+
~
2R20
2m
·(i~)2 25
2pi
1
2
1
3A
√
35
8pi
R20R
−8
∑
µ′′
{
(−1)µ′〈2−µ′2µ′′|2µ〉+〈2µ′2µ′′|2µ〉}φ∗2µ′′
+
~
2R20
2m
·(i~)2 25
2pi
2
4
3A
√
35
8pi
R60R
−10
×∑L√5(2L+1)W (2222; 2L)∑L′K ′√5(2L′+1)W (2222;LL′)
×
(∑
µ′′
∑
Λ(−1)Λ〈2Λ2µ′′|L′K ′〉〈2−µ′L′K ′|2µ〉φ∗2µ′′φ∗2Λ
+
∑
µ′′
∑
Λ(−1)µ
′
(−1)Λ〈2Λ2−µ′|L′K ′〉〈2−µ′′L′K ′|2µ〉φ∗2µ′′φ∗2Λ
+
∑
µ′′µ′′′(−1)µ
′′〈2−µ′2µ′′′|L′K ′〉〈2µ′′L′K ′|2µ〉φ∗2µ′′φ∗2µ′′′
)
,
(5. 33)
[Π2µ′′ , [Π2µ′ , [Π2µ, T
(0)(φ;R2)]]]=−~
2R20
2m
·(i~)3 25
2pi
(
1−4· 1
3A
+
60
7
· 1
3A
· 21A−93
15+7
√
21
)
R20R
−6
×
√
35
8pi
R20R
−2
{
(−1)µ′(−1)µ′′〈2−µ′2−µ′′|2µ〉+(−1)µ′′〈2µ′2−µ′′|2µ〉}
−~
2R20
2m
·(i~)3 25
2pi
1
2
1
3A
√
35
8pi
R20R
−8
{
(−1)µ′(−1)µ′′〈2−µ′2−µ′′|2µ〉+(−1)µ′′〈2µ′2−µ′′|2µ〉}
−~
2R20
2m
·(i~)3 25
2pi
2
4
3A
√
35
8pi
R60R
−10
×∑L√5(2L+1)W (2222; 2L)∑L′K ′√5(2L′+1)W (2222;LL′)
×
{.∑
Λ(−1)µ
′′′
(〈2µ′′′2µ′′|L′K ′〉〈2−µ′L′K ′|2µ〉+(−1)µ′〈2µ′′′2−µ′|L′K ′〉〈2−µ′′L′K ′|2µ〉)
+
∑
µ′′′(−1)µ
′′′
(〈2−µ′′2−µ′′′|L′K ′〉〈2−µ′L′K ′|2µ〉+(−1)µ′〈2−µ′′2−µ′|L′K ′〉〈2µ′′′L′K ′|2µ〉)
+
∑
µ′′′
(〈2−µ′2µ′′′|L′K ′〉〈2−µ′′L′K ′|2µ〉+(−1)µ′′(−1)µ′′′〈2−µ′2−µ′′|L′K ′〉〈2µ′′′L′K ′|2µ〉)}φ∗2µ′′′ ,
(5. 34)
[Π2µ′′′ , [Π2µ′′ , [Π2µ′ , [Π2µ, T
(0)(φ;R2)]]]]=
~
2R20
2m
·(i~)4 25
2pi
4
3A
2
√
35
8pi
R60R
−10
×∑L√5(2L+1)W (2222; 2L)∑L′K ′√5(2L′+1)W (2222;LL′)
×{〈2−µ′′′2µ′′|L′K ′〉〈2−µ′L′K ′|2µ〉+(−1)µ′〈2−µ′′′2−µ′|L′K ′〉〈2−µ′′L′K ′|2µ〉
+〈2−µ′′2µ′′′|L′K ′〉〈2−µ′L′K ′|2µ〉+(−1)µ′〈2−µ′′2−µ′|L′K ′〉〈2−µ′′′L′K ′|2µ〉
+(−1)µ′′′〈2−µ′2−µ′′′|L′K ′〉〈2−µ′′L′K ′|2µ〉+(−1)µ′′〈2−µ′2−µ′′|L′K ′〉〈2−µ′′′L′K ′|2µ〉} ,
(5. 35)
[Π2µ′′′′ , [Π2µ′′′ , [Π2µ′′ , [Π2µ′ , [Π2µ, T
(0)(φ;R2)]]]]=0. (5. 36)
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We can determine Cn(R
2)(n 6= 0) in (5. 13). In order to get their expressions, we take
the commutators with the canonical conjugate variable Π2µ in the following way:
[Π2µ, T
(0)(φ;R2)]=−i~(−1)µC1−µ(R2)− 2i~
∑
µ′(−1)µC2−µµ′(R2)φ∗2µ′ + · · · ,
[Π2µ′ , [Π2µ, T
(0)(φ;R2)]]=2(i~)2(−1)µ(−1)µ′C2−µ−µ′(R2)
+ 6(i~)2
∑
µ′′(−1)µ(−1)µ
′
C3−µ−µ′µ′′(R
2)φ∗2µ′′ + · · · ,
[Π2µ′′ , [Π2µ′ , [Π2µ, T
(0)(φ;R2)]]]= − 6(i~)3(−1)µ(−1)µ′(−1)µ′′C3−µ−µ′−µ′′(R2)
−16(i~)3∑µ′′′(−1)µ(−1)µ′(−1)µ′′C4−µ−µ′−µ′′µ′′′(R2)φ∗2µ′′′ + · · · ,
[Π2µ′′′ , [Π2µ′′ , [Π2µ′ , [Π2µ, T
(0)(φ;R2)]]]]=16(i~)4(−1)µ(−1)µ′(−1)µ′′C4−µ−µ′−µ′′µ′′′(R2)+· · ·,
...

(5. 37)
Comparing from (5. 32) to (5. 36) with (5. 37), then we obtain the explicit expressions for
Cn(R
2)(n 6=0) as follows:
C1µ(R
2)=0,
C2µµ′(R
2)=
~
2R20
2m
· 25
4pi
(
1−4· 1
3A
+
60
7
· 1
3A
· 21A−93
15+7
√
21
)
R20R
−6(−1)µδµ′,−µ,
C3µµ′µ′′(R
2)=
~
2R20
2m
· 25
12pi
{
1
2
· 1
3A
+
(
1−4· 1
3A
+
60
7
· 1
3A
· 21A−93
15+7
√
21
)
R20
}
×
√
35
8pi
R20R
−8
{
(−1)µ′〈2−µ′2µ′′|2µ〉+〈2µ′2µ′′|2µ〉} ,
C4µµ′µ′′µ′′′(R
2)=
~
2R20
2m
·(i~)4 25
32pi
2
4
3A
√
35
8pi
R60R
−10
×∑L√5(2L+1)W (2222; 2L)∑L′K ′√5(2L′+1)W (2222;LL′)
×{〈2−µ′′′2µ′′|L′K ′〉〈2−µ′L′K ′|2µ〉+(−1)µ′〈2−µ′′′2−µ′|L′K ′〉〈2−µ′′L′K ′|2µ〉
+〈2−µ′′2µ′′′|L′K ′〉〈2−µ′L′K ′|2µ〉+(−1)µ′〈2−µ′′2−µ′|L′K ′〉〈2−µ′′′L′K ′|2µ〉
+(−1)µ′′′〈2−µ′2−µ′′′|L′K ′〉〈2−µ′′L′K ′|2µ〉+(−1)µ′′〈2−µ′2−µ′′|L′K ′〉〈2−µ′′′L′K ′|2µ〉} ,
C5µµ′µ′′µ′′′µ′′′′(R
2)=0.

(5. 38)
Substituting (5. 38) into Cn(R
2)(n 6= 0), in (5. 13), we have the result
T (0)(φ;R2) = C0(R
2)+
~
2R20
2m
· 25
4pi
(
1−4· 1
3A
+
60
7
· 1
3A
· 21A−93
15+7
√
21
)
R20R
−6
∑
µφ
∗
2µφ2µ
+
~
2R20
2m
· 25
12pi
{
1
2
· 1
3A
+
(
1−4· 1
3A
+
60
7
· 1
3A
· 21A−93
15+7
√
21
)
R20
}
×
√
35
8pi
R20R
−8
∑
µµ′µ′′
{
(−1)µ′〈2−µ′2µ′′|2µ〉+〈2µ′2µ′′|2µ〉}φ∗2µφ∗2µ′φ∗2µ′′
+
~
2R20
2m
·(i~)4 25
16pi
4
3A
√
35
8pi
R60R
−10
∑
L
√
5(2L+1)W (2222; 2L)
∑
L′K ′
√
5(2L′+1)W (2222;LL′)
×∑µµ′µ′′µ′′′{〈2−µ′′′2µ′′|L′K ′〉〈2−µ′L′K ′|2µ〉+(−1)µ′〈2−µ′′′2−µ′|L′K ′〉〈2−µ′′L′K ′|2µ〉
+〈2−µ′′2µ′′′|L′K ′〉〈2−µ′L′K ′|2µ〉+(−1)µ′〈2−µ′′2−µ′|L′K ′〉〈2−µ′′′L′K ′|2µ〉
+(−1)µ′′′〈2−µ′2−µ′′′|L′K ′〉〈2−µ′′L′K ′|2µ〉+(−1)µ′′〈2−µ′2−µ′′|L′K ′〉〈2−µ′′′L′K ′|2µ〉}
× φ∗2µφ∗2µ′φ∗2µ′′φ∗2µ′′′+· · · .
(5. 39)
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We calculate the first term C0(R
2) in the R.H.S. of (5. 39). First we approximate Π2µ as
Π2µ≈pi2µ+
√
35
8pi
R20R
−2
∑
µ1µ2
(−1)µ1〈2−µ12µ2|2µ〉φ2µ1pi2µ2
+
(√
35
8pi
R20R
−2
)2∑
µ1µ2
∑
µ3µ4
(−1)µ1〈2−µ12µ2|2µ〉(−1)µ3〈2−µ32µ4|2µ2〉φ2µ1φ2µ3piµ4 .
(5. 40)
Substituting (5. 39) and (5. 40) into (5. 12) with Π̂2µ=R
−2Π2µ+i~
5
4pi
R40R
−6(−1)µφ2−µ, the
constant term C0(R
2) is computed up to the third order of φ2µ:
C0(R
2) = T− ~
2R20
2m
10
3AR40
R20R
−2
∑
µ1
− ~
2R20
2m
· 25
4pi
(
1−4· 1
3A
+
60
7
· 1
3A
· 21A−93
15+7
√
21
)
R20R
−6
∑
µφ
∗
2µφ2µ
− 4pi
3AR40
1
m
∑
µ
{
R2
(
pi2µ+
√
35
8pi
R20R
−2
∑
µ1µ2
〈2µ12µ2|2µ〉φ∗2µ1pi2µ2
)
×(−1)µ
(
pi2−µ+
√
35
8pi
R20R
−2
∑
µ1µ2
〈2µ12µ2|2−µ〉φ∗2µ1pi2µ2
)
+i~
5
4pi
R40R
−2φ2µ
(
pi2µ+
√
35
8pi
R20R
−2
∑
µ1µ2
〈2µ12µ2|2µ〉φ∗2µ1pi2µ2
)
+i~
5
4pi
R40R
−2φ∗2µ(−1)µ
(
pi2−µ+
√
35
8pi
R20R
−2
∑
µ1µ2
〈2µ12µ2|2−µ〉φ∗2µ1pi2µ2
)}
+
4pi
3AR20
1
m
√
35
8pi
∑
µµ′µ′′(−1)µ〈2µ′2µ′′|2−µ〉
×
{
R4φ∗2µ′′
(
R−2pi2µ+
√
35
8pi
R20R
−4
∑
µ1µ2
〈2µ12µ2|2µ〉φ∗2µ1pi2µ2+i~
5
4pi
R40R
−6φ∗2µ
)
×
(
R−2pi2µ′+
√
35
8pi
R20R
−4
∑
µ1µ2
〈2µ′12µ′′2|2µ′〉φ∗2µ′
1
pi2µ′′
2
+i~
5
4pi
R40R
−6φ∗2µ′
)}
− ~
2R20
2m
· 25
12pi
{
1
2
· 1
3A
+
(
1−4· 1
3A
+
60
7
· 1
3A
· 21A−93
15+7
√
21
)
R20
}
×
√
35
8pi
R20R
−8
∑
µµ′µ′′
{
(−1)µ′〈2−µ′2µ′′|2µ〉+〈2µ′2µ′′|2µ〉}φ∗2µφ∗2µ′φ∗2µ′′
+
~
2R20
2m
(
2·5
4pi
)2
4pi
3AR20
√
35
8pi
R20R
−8
∑
µµ′µ′′(−1)µ〈2µ′2µ′′|2−µ〉φ∗2µφ∗2µ′φ∗2µ′′ .
(5. 41)
The product of operators φ2µ and pi2µ in (5. 41) is changed to the normal product form with
all operators φ2µ standing to the left of all operators pi2µ, as shown in (F.1) in Appendix F.
Next we derive an approximate relation between the T and the term
∑
µ η2µ(−1)µη2−µ.
This is made with the use of the definition of the variables η2µ (2. 3) as follows:∑
µη2µ(−1)µη2−µ=(−i~)2
2·5
4
∑
µ
{∑
κν(−1)µ〈1κ1ν|2−µ〉
∑A
n=1rnY1κ(θn, ϕn)·∇nν
× (−1)µ∑κ′ν′(−1)−µ〈1κ′1ν ′|2µ〉∑An′=1rn′Y1κ′(θn′ , ϕn′)·∇n′ν′}
≈~2 2·5
4
√
5
3
∑
κνκ′ν′(−1)κ
∑
µ〈1κ′1ν ′|2µ〉〈2µ1ν|1−κ〉
∑A
n=1r
2
nY1κ(θ, ϕ)Y1κ′(θ, ϕ)
∑A
n=1∇
n
ν∇
n
ν′
≈~2 2·5
4
√
5
3
3A
5
R2
1
4pi
√
5W (2111 : 20)
∑
κ1
∑
ν〈1ν1−ν|00〉
∑A
n=1∇
n
ν∇
n
−ν ,
(5. 42)
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from which we get an important relation
T =
4pi
5A
1
m
R−2
∑
µη2µ(−1)µη2−µ. (5. 43)
Substituting the relation and the approximate relation
pi2µ=R
2
0
(
R−2η2µ+
1
2
[η2µ, R
−2)]
)
=R20R
−2η2µ+i~
5
4pi
R40R
−4φ∗2µ, (5. 44)
R2
∑
µpi2µ(−1)µpi2−µ≈R40R−2
∑
µη2µ(−1)µη2−µ−(i~)2
5
4pi
R40R
−2
∑
µ1
+i~
5
4pi
R60R
−4
∑
µ
(
φ2µη2µ+φ
∗
2µ(−1)µη2−µ
)
+5
(
i~
5
4pi
)2
R80R
−6
∑
µφ
∗
2µφ2µ,
(5. 45)
and (5. 43) into (F.1) and discarding third order terms of φ and triple products of operator
φ2µφ2µ′pi2µ′′ etc. except φ
∗
2µpi2µ2(−1)µpi2−µ and φ2µpi2µ′pi2µ′′ , (5. 41) is cast into a form as (F.1).
Finally, only the first constant term in the R.H.S. of (F.2) survives and another terms
may be negligibly small if they are operated onto the collective sub-space |Ψcoll〉. The sec-
ond term may vanish if we take account of effects by the operators φ2µpi2µpi2µ′ , etc., which are
approximated as φ20pi2µ(−1)µpi2−µ as did in (F.1). It is, however, a very difficult problem to
prove vanishing of, in particular, the third term which includes the first order differentials,
on the collective sub-space |Ψcoll〉. As a result, the constant term C0(R2) leads to
C0(R
2) ≈ −~
2R20
2m
10
3AR40
{
1+
(
1+
4
5
√
7
2
)}
R20R
−2
∑
µ1, (
∑
µ1=5), (5. 46)
where we have used the approximate relation for φ20 given by
φ20=
4pi
3AR20
∑A
n=1r
2
n
√
5
4pi
(
3
2
cos2θn−1
2
)
≈ 4pi
3AR20
√
5
4pi
∑A
n=1r
2
n=
√
4pi
5
R2
R20
. (5. 47)
The collective Hamiltonian should be expressed in terms of collective variables only. However,
R2 is not a collective variable, so it must be replaced by the average value <R2>. Following
the convection to conceive<R2> as a constantR20 [16], then we have <R
2>=R20. After that,
substituting (5. 39) and (5. 46) into (5. 12), we reach our final goal of expressing the kinetic
part T of the original Hamiltonian H in terms of the exact canonical variables φ2µ and Π2µ
up to the forth order of φ2µ. But it is so lengthy that we avoid to write down here its explicit
full expression. Thus we can give one of possible foundations of the nuclear collective motion.
6 Concluding remarks
First we give the basic spirit of the Marumori’s essential idea to approach the collective
motions in nuclei which is stated in his original paper of 1955 on the foundation of the unified
nuclear model as follows: “On the basis such a description of the nucleus, A. Bohr and his
collaborators analyzed the available empirical evidences and gave a reasonable interpreta-
tion of nuclear properties. According to their model, the nuclear motion is treated as the
dynamics of a coupled system of individual particle motion and collective oscillations. There-
fore, the states of this system are described in terms of individual particle-coordinates and
collective-coordinates, that is, the collective coordinates which describe the nuclear collective
properties are recognized as independent dynamical variables as well as individual particle
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coordinates. However, these collective coordinates characterizing the spatial distribution of
the nucleon density should be, strictly speaking, symmetric functions of the individual nu-
cleon coordinates and we cannot expect the total number of degree of freedom to become
larger than the number of particle coordinates originally given.· · · ”, which is cited from Ref.
[1]. Prior to the Marumori’s original paper, A. Bohr and B. Mottelson proposed the famous
particle-core model in 1952 and 1953 [28].
To extend the Tomonaga’s method to the three-dimensional case, Miyazima and Tamura
introduced the collective coordinates ξ2µ but met the difficulty of finding out appropriate
(mutually independent) momentum operators pi2µ which are canonically conjugate to the
ξ2µ. To overcome this difficulty, they further introduced some new redundant coordinates
α2µ and their conjugate momenta β2µ but at the same time imposed an appropriate number
of subsidiary conditions so as to cancel out the increase of the degrees of freedom. Next they
performed appropriate canonical transformations, so that the newly introduced coordinates
have the meaning of the collective motions. Finally they rewrote the Hamiltonian in a form
of a sum of three parts, one describing the collective surface oscillation, another the internal
motion and the remaining one the interaction between them [16]. While Nakai derived the
correct canonical momentum by using the theory of point transformations and made clear the
relation between Tomonaga’s method and the exact method of canonical transformations.
Applying his method, he investigated the problem of surface oscillations of atomic nuclei
and treated the correspondence with the BMM and the Miyazima-Tamura’s earlier work [9].
In this paper, on the contrary, the exact canonically conjugate momenta Π2µ to φ2µ is
derived by modifying the approximate momenta pi2µ with the use of the discrete version of
the Sunakawa’s integral equation [10]. We have shown that the exact canonical commutation
relations between the collective variables φ2µ and Π2µ and the commutativity of the momenta
Π2µ and Π2µ′ . By making use of the exact canonical variables φ2µ and Π2µ, we found
the collective Hamiltonian which includes the so-called surface phonon-phonon interaction
corresponding to the Hamiltonian of Bohr-Mottelson model. We concentrate our concerns
only on the collective motion in nuclei. The discussion of the couplings between the individual
particle motion and the collective motion is beyond the scope of the present theory. In the
case of simpler two-dimensional nuclei, such couplings are able to be studied with the use
of the basic idea of the present theory. Particularly the structure of the collective sub-space
satisfying the subsidiary condition is investigated in detail relating to the individual particle
motion through the variable R2. This work will appear elsewhere.
Following Miyazima-Tamura and Nakai [16, 9], we take the interaction potential function
in the form of Fourier integral as
V =
1
2
∑A
n,n′=1V (rn, rn′)=
1
2
∑A
n,n′=1
∫
f(k)eik·(rn−rn′ )dk, f(k)=
V0
2pi2κ
1
k
2+k2
, (6. 1)
from which we have for the first term of
∂2V
∂φ2µ∂φ2µ′
: This term plays an important role to
evaluate the surface tension energy as seen in [16, 9].
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Appendix
A Calculations of commutators [pi2µ, Π2µ′] and [Π2µ, Π2µ′]
First, using (3. 1) and (3. 3), we can calculate the commutation relation for [pi2µ, Π2µ′ ] as
[pi2µ, Π2µ′ ] = −i~
√
35
8pi
R20
∑
µ1
〈2µ2µ′|2µ1〉1
2
(R−2Π2µ1 +R
−2Π2µ1)
+
√
35
8pi
R20
∑
µ1µ2
(−1)µ1〈2− µ12µ2|2µ〉φ2µ1
1
2
([Π2µ′ , R
−2]Π2µ2 +Π2µ2 [Π2µ′ , R
−2])
+ [Π2µ, Π2µ′ ]
+
√
35
8pi
R20
∑
µ1µ2
(−1)µ1〈2− µ12µ2|2µ〉φ2µ1
1
2
(R−2[Π2µ′ , Π2µ2 ] + [Π2µ′ , Π2µ2 ]R
−2) .
(A.1)
Using (2. 4), (3. 1) and (3. 3), the commutation relation for [Π2µ, Π2µ′ ] is also computed
straightforwardly as
[Π2µ, Π2µ′ ] = [pi2µ, pi2µ′ ]
−
√
35
8pi
R20
∑
µ1µ2
(−1)µ1〈2− µ12µ2|2µ〉φ2µ1
1
2
(R−2[pi2µ′ ,Π2µ2 ]+[pi2µ′ ,Π2µ2 ]R
−2)
+(µ↔ µ′)
−i~
√
35
8pi
2·5
4pi
R60
∑
µ1µ2
(−1)µ1〈2− µ12µ2|2µ〉φ2µ1
1
2
(
R−6φ∗2µ′Π2µ2+Π2µ2R
−6φ∗2µ′
)
+(µ↔ µ′)
+
(√
35
8pi
R20
)2∑
µ1µ2
∑
µ′
1
µ′
2
(−1)µ1〈2− µ12µ2|2µ〉(−1)µ′1〈2− µ′12µ′2|2µ′〉
×φ2µ1φ2µ′1
1
2
{
Π2µ′
2
1
2
(R−2[Π2µ2 , R
−2] + [Π2µ2 , R
−2]R−2)
+
1
2
(R−2[Π2µ2 , R
−2] + [Π2µ2 , R
−2]R−2)Π2µ′
2
}
−(µ↔ µ′)
+
1
2
(√
35
8pi
R20
)2∑
µ1µ2
∑
µ′
1
µ′
2
(−1)µ1〈2− µ12µ2|2µ〉(−1)µ′1〈2− µ′12µ′2|2µ′〉
×φ2µ1φ2µ′1
1
2
{
R−2
1
2
(
R−2[Π2µ2 , Π2µ′2 ] + [Π2µ2 , Π2µ′2 ]R
−2
)
+
1
2
(
R−2[Π2µ2 , Π2µ′2 ] + [Π2µ2 , Π2µ′2 ]R
−2
)
R−2
}
−(µ↔ µ′).
(A.2)
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The term in the forth line in (A.2) is transformed to
−i~
√
35
8pi
2 · 5
4pi
R60
∑
µ1µ2
(−1)µ1〈2− µ12µ2|2µ〉φ2µ1
1
2
(
R−6φ∗2µ′Π2µ2+Π2µ2R
−6φ∗2µ′
)
=
1
2
(i~)2
√
35
8pi
2 · 5
4pi
R60R
−6
∑
µ1
〈2µ2µ′|2µ1〉φ∗2µ1
−i~
√
35
8pi
2 · 5
4pi
R60R
−4φ∗2µ′
∑
µ1µ2
(−1)µ1〈2− µ12µ2|2µ〉φ2µ1[Π2µ2 , R−2]
−i~2 · 5
4pi
R40R
−4φ∗2µ′ (Π2µ − pi2µ) .
(A.3)
In (A.3) we have used (3. 1) again and have derived the term in the last line.
We here introduce the quantity ĴLΛ defined by
ĴLΛ≡
∑
µ,µ′〈2µ2µ′|LΛ〉φ∗2µ
1
2
{
R−2
1
2
(R−2Π2µ′+Π2µ′R
−2)+
1
2
(R−2Π2µ′+Π2µ′R
−2)R−2
}
=
∑
µ,µ′〈2µ2µ′|LΛ〉φ∗2µ
1
2
(
R−2Π̂2µ′+Π̂2µ′R
−2
)
.
(A.4)
With the aid of the quantity ĴLΛ, we can obtain the following two important relations: The
first relation is given as
i~
2 · 5
4pi
R40R
−4
(
φ∗2µΠ2µ′−φ∗2µ′Π2µ
)
= i~
2 · 5
4pi
R40
{∑
LΛ(〈2µ2µ′|LΛ〉−〈2µ′2µ|LΛ〉)ĴLΛ−R−2
(
φ∗2µ[Π2µ′ , R
−2]−φ∗2µ′ [Π2µ, R−2]
)}
= i~
2 · 5
4pi
R40
{∑
LΛ
(
1−(−1)L)〈2µ2µ′|LΛ〉ĴLΛ−R−2(φ∗2µ[Π2µ′ , R−2]−φ∗2µ′[Π2µ, R−2])} ,
(A.5)
and the second one related to the collective angular momentum in Section 4 is expressed as
∑
L
(
1−(−1)L)
i~2 · 54pi R40 − i~
(√
35
8pi
R20
)2
5W (2222; 2L)
∑Λ〈2µ2µ′|LΛ〉ĴLΛ
= i~R40 · 2
(
2 · 5
4pi
− 35
8pi
· 5 · (−1) 1
2 · 5
)∑
Λ〈2µ2µ′|1Λ〉Ĵ1Λ
+i~R40 · 2
(
2 · 5
4pi
− 35
8pi
· 5 · 4
5 · 7
)∑
Λ〈2µ2µ′|3Λ〉Ĵ3Λ
= i~
15
√
5
8
√
2pi
R40
√
10
∑
Λ〈2µ2µ′|1Λ〉Ĵ1Λ
≡ ~ 15
√
5
8
√
2pi
R40
∑
Λ〈2µ2µ′|1Λ〉L1Λ,
(
L1Λ = (−1)1+ΛL∗1−Λ
)
.
(A.6)
It is surprising to see that in (A.6) the term related to Ĵ3Λ vanishes. Substituting (A.1)
into (A.2) and using (2. 11) and (A.6), finally we can get (4. 1) with the aid of the relations
(A.3) and (A.5).
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B Calculations of commutators [pi2µ, T ] and [[pi2µ, T ], φ2µ′]
First, the commutation relations for [T, R−2] and [η2µ, T ] are calculated, respectively, as
[T, R−2] = − ~
2
2m
∑
ν
∑A
n=1(−1)ν [∇nν∇n−ν , R−2]
=
~
2
m
2 · 5
3A
R−4
√
4pi
3
∑
ν
∑A
n=1 rnY1ν(θn, ϕn)(−1)ν∇n−ν +
~
2
m
5
(
1− 4
3A
)
R−4,
(B.1)
[η2µ, T ] = −~
2
m
i~
√
2 · 5
2
√
3
4pi
∑
νν′(−1)µ 〈1ν1ν ′|2− µ〉
∑A
n=1∇
n
ν∇
n
ν′, (B.2)
where we have used the relations
[∇nν , R
−2]=−2 · 5
3A
√
4pi
3
R−4rnY1ν(θn, ϕn), ∇
n
νR
−4=−4 · 5
3A
√
4pi
3
R−6rnY1ν(θn, ϕn),
(−1)ν∇n−νrnY1ν′(θn, ϕn)=
√
3
4pi
δνν′ .
(B.3)
The scalar operator
√
4pi
3
∑
ν
∑A
n=1 rnY1ν(θn, ϕn)(−1)ν∇n−ν in (B.1) plays an important role
which is discussed in detail later. Using the definition of pi2µ (2. 9), the commutator [pi2µ, T ]
is computed as
[pi2µ, T ]=−~
2R20
2m
{
i~
√
2 · 5
2
√
3
4pi
∑
νν′(−1)µ〈1ν1ν ′|2−µ〉
∑A
n=1(R
−2
∇
n
ν∇
n
ν′+∇
n
ν∇
n
ν′R
−2)
+
2 · 5
3A
√
4pi
3
∑
ν
∑A
n=1
(
rnY1ν(θn, ϕn)R
−4(−1)ν∇n−ν ·η2µ+η2µ ·rnY1ν(θn, ϕn)R−4(−1)ν∇n−ν
)
+5
(
1− 4
3A
)
(R−4 ·η2µ+η2µ ·R−4)
}
.
(B.4)
With the use of the relations
−~
2R20
2m
i~
√
2 · 5
2
√
3
4pi
∑
νν′(−1)µ 〈1ν1ν ′|2− µ〉
∑A
n=1∇
n
ν∇
n
ν′R
−2
= −~
2R20
2m
i~
√
2 · 5
2
√
3
4pi
R−2
∑
νν′(−1)µ 〈1ν1ν ′|2− µ〉
∑A
n=1∇
n
ν∇
n
ν′
−~
2R20
2m
4 · 5
3A
R−4η2µ − ~
2R20
2m
i~
50
3piA
R20R
−6φ∗2µ,
(B.5)
and
−~
2R20
2m
2 · 5
3A
η2µ · R−4
√
4pi
3
∑
ν
∑A
n=1 rnY1ν(θn, ϕn)(−1)ν∇n−ν
= −~
2R20
2m
2 · 5
3A
R−4
√
4pi
3
∑
ν
∑A
n=1 rnY1ν(θn, ϕn)(−1)ν∇n−ν · η2µ
−~
2R20
2m
i~
50
3piA
R20R
−6φ∗2µ ·
√
4pi
3
∑
ν
∑A
n=1 rnY1ν(θn, ϕn)(−1)ν∇n−ν ,
(B.6)
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and further using the following three relations:
η2µ=R
−2
0 R
2pi2µ−i~ 5
4pi
R20R
−2φ∗2µ,
4 · 5
3A
R−20 R
−4
√
4pi
3
∑
ν
∑A
n=1 rnY1ν(θn, ϕn)·[(−1)ν∇n−ν , R2]pi2µ=10
4
3A
R−20 R
−2pi2µ,∑
ν
∑A
n=1
{
rnY1ν(θn, ϕn)(−1)ν∇n−ν ·R−2φ∗2µ−R−2φ∗2µ ·rnY1ν(θn, ϕn)(−1)ν∇n−ν
}
=0,

(B.7)
Eq. (B.4) is rewritten as
[pi2µ, T ] = −~
2R20
2m
{
i~
√
2 · 5
√
3
4pi
R−2
∑
νν′(−1)µ 〈1ν1ν ′|2− µ〉
∑A
n=1∇
n
ν∇
n
ν′
+
4 · 5
3A
R−20
√
4pi
3
∑
ν
∑A
n=1 rnY1ν(θn, ϕn)R
−2(−1)ν∇n−ν · pi2µ+10
(
1+
2
3A
)
R−20 R
−2 ·pi2µ
+i~
25
3piA
R20R
−6φ∗2µ ·
√
4pi
3
∑
ν
∑A
n=1 rnY1ν(θn, ϕn)(−1)ν∇n−ν+i~
25
2pi
(
1− 2
3A
)
R20R
−6φ∗2µ
}
,
(B.8)
where √
4pi
3
∑
ν
∑A
n=1 rnY1ν(θn, ϕn)(−1)ν∇n−ν=
∑A
n=1
(
xn
∂
∂xn
+yn
∂
∂yn
+zn
∂
∂zn
)
. (B.9)
The scalar operator
√
4pi
3
∑
ν
∑A
n=1 rnY1ν(θn, ϕn)(−1)ν∇n−ν takes a very simple form (B.9).
It should be emphasized again that such a scalar operator in the last line of (B.8) plays a
crucial role in Section 6. In deriving the relations (B.3), (B.6) and (B.7), we have used the
famous gradient formulas for spherical harmonics
∇νΦ(r)Ylµ(θ, ϕ) =−
√
l+1
2l+1
∑
µ′(−1)µ 〈l+1µ′1−ν|lµ〉
(
d
dr
− l
r
)
Φ(r)Yl+1µ′(θ, ϕ)
+
√
l
2l+1
∑
µ′(−1)µ 〈l−1µ′1−ν|lµ〉
(
d
dr
+
l+1
r
)
Φ(r)Yl−1µ′(θ, ϕ),
∇νr
lYlµ(θ, ϕ) =
√
l(2l+1)
∑
µ′(−1)µ 〈l−1µ′1−ν|lµ〉 rl−1Yl−1µ′(θ, ϕ).

(B.10)
The next task is to calculate the commutator [[pi2µ, T ], φ2µ′]. It is made straightforwardly as
[[pi2µ, T ], φ2µ′ ]
=−~
2R20
2m
[
i~
√
2 · 5
√
3
4pi
R−2
∑
νν′(−1)µ 〈1ν1ν ′|2− µ〉
∑A
n=1[∇
n
ν∇
n
ν′, φ2µ′ ]
+
4 · 5
3A
R−20 R
−2
√
4pi
3
∑
ν
∑A
n=1 rnY1ν(θn, ϕn)(−1)ν [∇n−ν · pi2µ, φ2µ′ ]
+i~
25
3piA
R20R
−6φ∗2µ
√
4pi
3
∑
ν
∑A
n=1 rnY1ν(θn, ϕn)(−1)ν [∇n−ν , φ2µ′ ]
+10
(
1+
2
3A
)
R−20 R
−2[pi2µ, φ2µ′ ]
]
.
(B.11)
Let us substitute the following three relations:
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∑
ν,ν′(−1)µ 〈1ν1ν ′|2−µ〉
∑A
n=1[∇
n
ν∇
n
ν′ , φ2µ′ ]
=
4pi
3AR20
√
2·5
√
3
4pi
A·δµµ′+2 4pi
3AR20
1
3
√
2·5∑ν∑An=1 rnY1ν(θn, ϕn)(−1)ν∇n−ν ·δµµ′
− 10
3AR20
√
7
3
R20R
−2
∑
Λ〈2Λ2µ′|2µ〉φ∗2Λ−2
4pi
3AR20
i
~
√
7
3
R−20 R
2
∑
Λ〈2Λ2µ′|2µ〉pi2Λ
− 4pi
3AR20
1
~
√
3·5
√
3
4pi
∑
Λ〈1Λ2µ′|2µ〉 l1Λ,
(B.12)
∑
ν
∑A
n=1 rnY1ν(θn, ϕn)(−1)ν [∇n−ν ·pi2µ, φ2µ′]
= −i~∑ν∑An=1 rnY1ν(θn, ϕn)(−1)ν∇n−ν ·δµµ′+2√ 34piφ2µ′pi2µ
+i~
√
35
8pi
R20R
−2
∑
Λ〈2Λ2µ′|2µ〉φ∗2Λ
∑
ν
∑A
n=1 rnY1ν(θn, ϕn)·(−1)ν∇n−ν ,
(B.13)
and ∑
ν
∑A
n=1 rnY1ν(θn, ϕn)(−1)ν [∇n−ν , φ2µ′] = 2
√
3
4pi
φ2µ′ , (B.14)
and further substitute pi2µ=Π2µ−
√
35
8pi
R20
{
R2Ĵ2µ−1
2
∑
µ1µ2
〈2µ12µ2|2µ〉φ∗2µ1 [Π2µ2 , R−2]
}
(3. 1)
into (B.11). Then we obtain
[[pi2µ, T ], φ2µ′]
= −~
2R20
2m
{
−i~ 20
3A
R−20 R
−2δµµ′+i~10
√
35
8pi
R−4
∑
Λ〈2Λ2µ′|2µ〉φ∗2Λ+i~
50
3piA
R20R
−6φ∗2µφ2µ′
+
4 ·4pi
3AR40
√
35
8pi
∑
Λ〈2Λ2µ′|2µ〉pi2Λ+
40
3AR20
R−2φ2µ′pi2µ−i 3
3AR20
√
3·5√10R−2∑Λ〈1Λ2µ′|2µ〉l1Λ
+ i~
4·5
3A
√
35
8pi
R−4
∑
Λ〈2Λ2µ′|2µ〉φ∗2Λ
√
4pi
3
∑
ν
∑A
n=1 rnY1ν(θn, ϕn)(−1)ν∇n−ν
}
= −~
2R20
2m
[
−i~ 20
3AR20
R−2δµµ′+i~10
√
35
8pi
R−4
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉φ∗2Λ+i~
50
3piA
R20R
−6φ∗2µφ2µ′
+
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉
{
4·4pi
3AR40
√
35
8pi
Π2Λ− 70
3AR20
(
R2Ĵ2Λ−1
2
∑
µ1µ2
〈2µ12µ2|2Λ〉φ∗2µ1[Π2µ2 , R−2]
)}
+
40
3AR20
R−2φ2µ′Π2µ− 40
3A
√
35
8pi
φ2µ′
(̂
J2µ−1
2
R−2
∑
µ1µ2
〈2µ12µ2|2µ〉φ∗2µ1[Π2µ2 , R−2]
)
+ i
15
3AR20
√
10R−2
∑
Λ(−1)µ
′〈2µ2−µ′|1Λ〉l1Λ
+ i~
4·5
3A
√
35
8pi
R−4
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉φ∗2Λ
√
4pi
3
∑
ν
∑A
n=1 rnY1ν(θn, ϕn)(−1)ν∇n−ν
]
.
(B.15)
Finally, in the forth and third line from the bottom of (B.15), the approximate relation
[Π2µ, R
−2] ≈ i~2 · 5
4pi
R40R
−6φ∗2µ (5. 9) should be put into [Π2µ2 , R
−2].
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C Calculation of term
∑
Λ φ
∗
2Λ(−1)ΛΠ2−Λ
For our purpose, using (3. 1), (2. 2), (2. 7) and (2. 9), we calculate approximately the term∑
Λ φ
∗
2Λ(−1)ΛΠ2−Λ in the following way:∑
Λ φ
∗
2Λ(−1)ΛΠ2−Λ≈
∑
Λ φ2Λpi2Λ=R
2
0R
−2
∑
Λ φ2Λη2Λ +
1
2
R20
∑
Λ φ2Λ [η2Λ, R
−2]
= i~
5
4pi
R40R
−4
∑
Λ φ
∗
2Λφ2Λ
−i~
√
2·5
2
R20R
−2 4pi
3AR20
∑
Λ
∑A
n=1r
2
nY2Λ(θn,ϕn)
∑
κν(−1)Λ〈1κ1ν|2−Λ〉
∑A
n′=1rn′Y1κ(θn′ ,ϕn′)·∇n
′
ν ,
(C.1)
where we have used the definition of the η2Λ (2. 3) and the commutation relation [η2Λ, R
−2]
(2. 13). Eq. (C.1) is further calculated as follows:∑
Λ φ
∗
2Λ(−1)ΛΠ2−Λ ≈ i~
5
4pi
R40R
−4
∑
Λ φ
∗
2Λφ2Λ
−i~
√
2·5
2·5 4pi
∑A
n=1rn
∑
Λ
∑
κν(−1)Λ〈1κ1ν|2−Λ〉
×∑LK
√
5·3
4pi(2L+1)
〈2Λ1κ|LK〉〈2010|L0〉YLK(θn, ϕn)·∇nν
= i~
5
4pi
R40R
−4
∑
Λ φ
∗
2Λφ2Λ
−i~
√
2·5
2·5 4pi
∑A
n=1rn
∑
LK
√
5·3
4pi(2L+1)
〈2010|L0〉
×∑κν∑Λ(−1)κ〈1κ1ν|2Λ〉〈2Λ1−κ|LK〉YLK(θn, ϕn)·(−1)ν∇n−ν
= i~
5
4pi
R40R
−4
∑
Λ φ
∗
2Λφ2Λ
−i~
√
2·5
2·5 4pi
∑A
n=1rn
∑
LK
√
5·3
4pi(2L+1)
〈2010|L0〉∑L′√5(2L′+1)W (11L1; 2L′)
×∑ν∑κK ′(−1)κ(−1)1+κ
√
2L′+1
3
〈1κL′K ′|1ν〉〈1κL′K ′|LK〉YLK(θn, ϕn)·(−1)ν∇n−ν
= i~
5
4pi
R40R
−4
∑
Λφ
∗
2Λφ2Λ
−i~∑L=0,1,2(2L+1)W(1111; 2L)
√
4pi
3
∑
ν
∑A
n=1rnY1ν(θn,ϕn)·(−1)ν∇n−ν
= i~
5
4pi
R40R
−4
∑
Λφ
∗
2Λφ2Λ−i~
√
4pi
3
∑
ν
∑A
n=1rnY1ν(θn, ϕn)·(−1)ν∇n−ν .
(C.2)
Then we obtain the approximated result for the term
∑
Λ φ
∗
2Λ(−1)ΛΠ2−Λ in the following form:∑
Λφ
∗
2Λ(−1)ΛΠ2−Λ≈ i~
5
4pi
R40R
−4
∑
Λφ
∗
2Λφ2Λ−i~
√
4pi
3
∑
ν
∑A
n=1rnY1ν(θn, ϕn)·(−1)ν∇n−ν . (C.3)
24
D Calculation of term
∑
Λ φ
∗
2ΛR
4(−1)ΛĴ2−Λ
Using the relation
JLΛ=
∑
µµ′ 〈2µ2µ′|LΛ〉φ∗2µΠ2µ′ =R4ĴLΛ−R2
∑
µµ′ 〈2µ2µ′|LΛ〉φ∗2µ [Π2µ′ , R−2] , (D.1)
we compute approximately the term
∑
Λ φ
∗
2ΛR
4(−1)ΛĴ2−Λ in a manner similar to (C.2):∑
Λφ
∗
2ΛR
4(−1)ΛĴ2−Λ=
∑
Λφ
∗
2Λ(−1)Λ
(
J2−Λ+R
2
∑
µ1µ2
〈2µ12µ2|2−Λ〉φ∗2µ1 [Π2µ2 , R−2]
)
≈∑Λφ∗2Λ∑µ1µ2(−1)Λ〈2µ12µ2|2−Λ〉(i~2·54piR40R−4φ∗2µ1φ∗2µ2+φ∗2µ1pi2µ2
)
=−i~2
√
2
7
√
5
4pi
R20R
−2
∑
Λφ
∗
2Λφ2Λ
+R20
∑
Λφ
∗
2Λ
∑
µ1µ2
(−1)Λ〈2µ12µ2|2−Λ〉φ∗2µ1
(
R−2η2µ2+
1
2
[η2µ2 , R
−2]
)
=−i~3
√
2
7
√
5
4pi
R20R
−2
∑
Λφ
∗
2Λφ2Λ
−i~
√
2·5
2
R20R
−2
∑
Λφ
∗
2Λ
∑
µ1µ2
〈2µ12µ2|2Λ〉φ2µ1
∑
κν〈1κ1ν|2µ2〉
∑A
n=1rnY1κ(θn, ϕn)·∇nν ,
(D.2)
where we have used the relations (2. 3), (2. 9) and (2. 13) and the approximate formula∑
Λφ
∗
2Λ
∑
µ1µ2
(−1)Λ〈2µ12µ2|2−Λ〉φ∗2µ1φ∗2µ2≈−
√
2
7
√
4pi
5
R−20 R
2
∑
Λφ
∗
2Λφ2Λ, (D.3)
which can be derived from (2. 2) and (2. 7).
Using (2. 2) and (2. 7), the term in the last line of (D.2) is approximated as
−i~
√
2·5
2
4pi
5
∑
Λ φ
∗
2Λ
∑
µ1µ2
〈2µ12µ2|2Λ〉
∑
κν〈1κ1ν|2µ2〉
∑A
n=1rnY2µ1(θn, ϕn)Y1κ(θn, ϕn)·∇nν
=−i~
√
2·5
2
√
4pi
5
∑
Λφ
∗
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∑
LK〈2010|L0〉
∑
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〈2µ12µ2|2Λ〉
∑
κν(−1)µ1〈LK2−µ1|1κ〉〈1κ1ν|2µ2〉
×∑An=1 rnYLK(θn, ϕn)·∇nν
=−i~
√
2·5
2
√
4pi
5
∑
Λφ
∗
2Λ
∑
LK〈2010|L0〉
∑
L′K ′
√
3(2L′+1)W (L221; 1L′)
×∑µ1∑ν(−1)µ1〈2−µ11ν|L′K ′〉∑µ2〈LKL′K ′|2µ2〉〈2µ22µ1|2Λ〉∑An=1rnYLK(θn, ϕn)·∇nν
=−i~
√
2·5
2
√
4pi
5
∑
Λφ
∗
2Λ
∑
LL′L′′〈2010|L0〉(2L′+1)W(L221; 1L′)
√
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=
√
4pi
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∑
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∑
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√
5·3W (LL′22; 21)
×∑Λφ2Λ (−i~) √2·52 ∑κν(−1)Λ〈Lκ1ν|2−Λ〉∑An=1 rnYLκ(θn, ϕn)·∇nν
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√
4pi
5
∑
L=1,2,3(2L+1)W (1221; 1L)W (1L22; 21)
∑
Λ φ2Λη2Λ
=−√6
√
4pi
5
√
7(
√
7+
√
3)
60
∑
Λφ2Λη2Λ, (Pick up only the L=1 term and for η2Λ see (2.3).).
(D.4)
25
E Calculation of commutator [f2µ, φ2µ′]
With the aid of the relations (D.2), (D.3) and (D.4) appeared in Appendix D,
[f2µ, φ2µ′ ] ≈ [[pi2µ, T ] , φ2µ′ ]
−~
2R20
2m
[
i~
20
3AR20
R−2δµµ′+i~
35
3AR20
R−2δµµ′+
40
3AR20
R−2φ∗2µΠ
∗
2µ′−i~
50
3piA
R20R
−6φ∗2µφ2µ′
− 4·4pi
3AR40
√
35
8pi
∑
Λ(−1)µ
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√
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8pi
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∑
Λ(−1)µ
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3A
√
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∑
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√
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∑
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+i~
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√
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∑
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∑
Λ′φ
∗
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√
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∑
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√
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∑
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∑
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3A
√
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8pi
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− 70
3AR20
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Λ(−1)µ
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3AR20
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3piA
R20R
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∑
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∑
Λ′φ
∗
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∑
Λ(−1)µ
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−i~175
3A
25
4pi2
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〈2µ12µ2|2µ〉φ∗2µ1φ∗2µ2
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1
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2
(−1)µ′〈2µ′12µ′2|2−µ′〉φ∗2µ′
1
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3piA
R20R
−6
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉φ∗2Λ
(
−i~
√
2
7
√
5
4pi
R20R
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∑
Λ′φ
∗
2Λ′φ2Λ′
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√
6
√
4pi
5
√
7(
√
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√
3)
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2
√
4pi
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∑
ν
∑A
n=1rnY1ν(θn, ϕn)·(−1)ν∇n−ν
)]
. (E.1)
Substituting [[pi2µ, T ] , φ2µ′ ], i.e., (B.15), into (E.1), then we obtain the following result:
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[f2µ, φ2µ′ ]≈−~
2R20
2m
[
− 40
3AR20
R−2
{
φ∗2µ(−1)µ′Π2−µ′−(−1)µ′φ∗2−µ′Π2µ
}
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3A
)√
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√
35
8pi
R40R
−8
∑
Λ(−1)µ
′〈2µ2−µ′|2Λ〉φ∗2Λ
∑
Λ′φ
∗
2Λ′φ2Λ′
+i
15
3AR20
√
10R−2
∑
Λ(−1)µ
′〈2µ2−µ′|1Λ〉l1Λ
− 70
3AR20
R2
∑
Λ(−1)µ
′〈2µ2−µ′|1Λ〉Ĵ1Λ− 350
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4pi2
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∑
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1
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7
√
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3
)
1
3A
√
35
8pi
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4pi
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]
, (E.2)
in Eq. (E.2), as shown in (A.5), the term in curly bracket of the first line is transformed to
the quantities Ĵ1Λ and Ĵ3Λ as
− 40
3AR20
R2R−4
{
φ∗2µ(−1)µ′Π2−µ′−(−1)µ′φ∗2−µ′Π2µ
}
=− 40
3AR20
R2
∑
L
{
1−(−1)L}∑Λ(−1)µ′〈2µ2−µ′|LΛ〉ĴLΛ
+
40
3AR20
R2R−2
(
φ∗2µ
[
(−1)µ′Π2−µ′ , R−2
]− (−1)µ′φ∗2−µ′ [Π2−µ, R−2])
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3AR20
R2
∑
Λ(−1)µ
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3AR20
R2
∑
Λ(−1)µ
′〈2µ2−µ′|3Λ〉Ĵ3Λ. (E.3)
Notice that the term Ĵ3Λ should vanish. Put the relation (E.3) into the above result (E.2),
we can reach the approximate expression for the commutation relation [f2µ, φ2µ′ ] given by
(5. 24) in Section 5.
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F Expression for C0(R
2) in terms of φ2µ and η2µ
C0(R
2)= −~
2R20
2m
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3AR40
R20R
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∑
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(F.1)
Thus we can get the approximate expression for C0(R
2) as
C0(R
2)≈−~
2R20
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3AR40
{
1+
(
1+
4
5
√
7
2
)}
R20R
−2
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µ1
+
4pi
5A
1
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(
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7
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2µ(−1)µη2−µ
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√
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1+
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√
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∑
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∗
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(F.2)
where we have used the important relation for T(5. 43), approximate relations for pi2µ(5. 44)
and R2
∑
µ pi2µ(−1)µpi2−µ(5. 45) and lastly approximate one for φ20 (5. 47). The first term of
the R.H.S of (F.2) is the the important result. The others are expected to be vanished.
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